An N 2 L dimensional representation of the periodic Temperley-Lieb algebra T LL(x) is presented. It is also a representation of the cyclic group ZN . We choose x = 1 and define a Hamiltonian as a sum of the generators of the algebra acting in this representation. This Hamiltonian gives the time evolution operator of a stochastic process. In the finite-size scaling limit, the spectrum of the Hamiltonian contains representations of the Virasoro algebra with complex highest weights. The N = 3 case is discussed in detail. One discusses shortly the consequences of the existence of complex Virasoro representations on the physical properties of the systems. The periodic Temperley-Lieb algebra P T L L (x) was introduced by Levy [1] in 1991 in order to explain some regularities observed in the spin 1/2 XXZ quantum chain with periodic boundary conditions. The algebra has L generators and depends on a parameter x. Various quotients of this algebra were studied by Martin and Saleur [2] . A renewed interest in the P T L L (x) appeared in the last few years in the context of logarithmic conformal field theory [3] and [4] . Lately stochastic processes describing nonlocal asymmetric exclusion processes (NASEP) were studied using representations of the same algebra [5] .
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In the present Letter we consider a new quotient and cyclic representations of the algebra. As usual one can define a Hamiltonian expressed in terms of generators of the P T L L (x). If one takes |x| < 2, use cyclic representations, and consider the finite-size limit of the spectra of the Hamiltonian, we show that they can be expressed in terms of complex representations of the Virasoro algebra. To our knowledge, it is for the first time that such representations are seen in physical problems.
The P T L L (x) algebra has L generators e k (k = 1, 2, . . . , L) satisfying the relations [1] :
and e k+L = e k . For simplicity we take L even. We consider the quotient:
where
In the definition (2) A and B can be interchanged. The case N = 1 is one of the quotients of reference [2] . We now show that the P T L L (x) has Z N cyclic link representations (Z N is the cyclic group of order N ). Consider N copies (n = 0, 1, 2, . . . , N − 1) of periodic link patterns. Each link pattern is one of the L L/2 configurations of nonintersecting arches joining L sites on a circle. One can think of having the circle on a cylinder. Each copy n is labeled by n circles on the same cylinder with no sites on them (noncontractible loops). In Fig 1 we show the 6 configurations for L = 4 and n = 2. The open arches and the circles join in the unseen side of the cylinder.
With a few exceptions, the generators e k act on the configurations of a given copy in the standard way [6] .
In Fig. 2 we show the action of e 2 on one of the configurations shown in Fig. 1 .
The factor x appears due to a contractible loop. The exceptions occur if on the copy n one considers a configuration having an arch of the size L of * Electronic address: alcaraz@ifsc.usp. 
The action of the e2 generator acting on the bond between the sites 2 and 3 which are not the end-points of an arch of the size of the system. L = 4, n = 2 in the figure.
the system and if the generators acts on the bond between the two ends of the arch (see Fig. 3 ). The action of e 2 on the third configuration in Fig. 1 produces a new circle and therefore gives a configuration in the copy n = 3. What we have seen in this example is a general phenomenon. If a generator acts on a bond connecting two sites which are the end-points of an arch of length L of the copy n, one obtains a configuration belonging to the copy n + 1.
In order to get a finite-dimensional representation of the algebra, one has to take a decision. The simplest one is to identify the copy N with the copy N − 1. This possibility is illustrated in Fig. 4 for the case N = 3 and L = 4.
It is easy to check that one obtains in this way not a representation of the quotient (2) but of a different quotient:
Representations of the quotient (4) might be interesting in their own right but we didn't study them here. In order to obtain representations of the quotient (2) we have to identify the copy N not with the copy N − 1 but with the copy n = 0 (no noncontractible loops). See In what follows we consider the application of cyclic representations to stochastic processes [5] taking x = 1. The Hamiltonian
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The action of the e2 generator acting the bond between the sites 2 and 3 which are the end of an arch of the size of the system L = 4. A new circle is created on the cylinder and one moves from the copy n = 2 to the copy n = 3. . From the copy n = 2 one moves to the copy n = 0 in order to get a representation with the symmetry Z3.
gives the time evolution of the probability distribution function defined in the configuration space of the N copies of link patterns each containing L L/2 configurations. A detailed discussion of the spectra of H will be presented elsewhere [7] . For the remaining of this Letter we consider only even values of L.
We first recall the known case N = 1. We use the spin representation of the P T L L (1) [1, 8] :
In the scaling limit, the scaling dimensions {x} are obtained from the leading behavior of the energy-gap amplitudes E = 2πv s x/L, where v s = 3 √ 3/2 is the sound velocity. The spectrum of H in the link representation is contained in the S z = L k=1 σ z k = 0 sector and is known. The scaling dimensions associated to the eigenstates with momenta P = 2πp/L (mod. π) (p = 0, ±1, ±2, . . .), are [9, 10] 
The explanation of the notation x 0 0 (1) will be given in few lines. If N = 1, the states are separated not only by the momenta but also by the Z N representation exp(i2πr/N ) to which they belong (r = 0, 1, 2, . . . , N − 1). The r = 0 states for example, are obtained by taking the sum of the same link configuration in all the N copies. We will denote by x r p (i) (i = 1, 2, . . .) the scaling dimensions associated to the i-th lowest energy in the sector of momentum P = 2πp/L (mod π) and r representation of Z N . In what follows we present some results for the case N = 3.
Since it is not known if the Hamiltonian for N copies is integrable, we have studied the finite-size scaling spectra numerically using up to L = 30 sites. The ground state of H which corresponds to the stationary state of the stochastic process, corresponds to the eigenvalue zero. The eigenfunction is in the p = 0, r = 0 sector and shows no new combinatorial properties beyond those known from the N = 1 case [11] . One relevant result is that the entire spectra related to the scaling dimensions {x 0 p (i)} coincide with the known spectra of the N = 1 representation. In order to show the precision of our procedure, we have estimated the scaling dimension (8) just from the energy gap for a L = 30 lattice (no extrapolations using different sizes!) and got 0.24976220.
Taking N = 3 we looked at the spectra in the r = 1, and p = 0 sectors and got a surprise. The extrapolants [12] for the two first excited levels gave the following complex values: 
In order to check if these results have anything to do with conformal invariant spectra, we looked at the r = 1, P = 2π/L (mod. π) spectrum. If the finite-size scaling limit of the spectra are given by Virasoro representations with a complex highest weight, one should expect x 1 1 (i) = x 1 0 (i) + 1 (i = 1, 2). This is indeed the case since we get:
In order to illustrate the precision of the estimates of the scaling dimensions, in table 1 and 2 we give their measured values for different lattice sizes. One can see that the data converge very nicely. In the r = 2 sector one obtains the complex conjugate values of (9) and (10):
† . The very existence of Virasoro representations is a remarkable fact since the transitions from one copy to another is a highly nonlocal operation. Notice that the scaling dimensions (9) have a smaller real part than the value (8) . This observation has physical consequences. If we consider a local observable, using the mappings of the link patterns into Dyck paths, charge particles or particles-vacancies configurations [5] , for large systems, the approach to the stationary state will be oscillatory. As far as we know, it is the first time that such a phenomenon can be observed since normally the imaginary part of the energy levels decreases faster with L than the real part. There are obviously consequences for the correlation functions too.
We would like to mention that we have also looked at the variation of the first excited state with N keeping r = 1. The data are shown in Fig. 6 . One sees that increasing N , the real part approaches the value (8) and that the imaginary part gets smaller and smaller. This is not to say that the smallest scaling dimension can't be found for another value of r but the consequence of the data shown in Fig. 6 is that in the large N limit, the scaling dimension 1/4 will be found at least 3 times (r = 0, 1, and 2). We have not looked at the possible existence of Jordan cells in the spectrum [13] .
It is clear that a lot of work has still to be done to clarify the picture. The first question to answer is to find the partition function for each sector r for any value of the parameter x of the definition of the algebra (1). The case x = 0 is especially interesting since in this case, the Hamiltonian is related to the transfer matrix of a classical system of N colored interacting polymers on a cylinder generalizing the known case N = 1 [3] .
